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                \begin{document}$$g_{\nabla ,\Lambda }$$\end{document}$ yields an anti-self-dual Ricci-flat metric which previously appeared in the work of Derdziński \[[@CR14]\].

In the final part of the article we relate the metric *g* to a certain gauge-theoretic equation introduced by Calderbank in \[[@CR7]\]. We also discuss some examples.

This paper mainly concerns itself with the two-dimensional case, but there are obvious higher dimensional generalisations which we briefly discuss in Appendix A.

Preliminaries {#Sec2}
=============

Algebraic Preliminaries {#Sec3}
-----------------------
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Projective Structures {#Sec4}
---------------------
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Using index notation, the projective Schouten tensor $\documentclass[12pt]{minimal}
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If *N* is orientable, we may restrict attention to connections in $\documentclass[12pt]{minimal}
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The Cartan Geometry of a Projective Surface {#Sec5}
-------------------------------------------
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The Choice of a Representative Connection {#Sec6}
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Anti-self-duality {#Sec8}
-----------------
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From Projective to Bi-Lagrangian Structures {#Sec9}
===========================================

In this section we show how to canonically construct a bi-Lagrangian structure on the total space of a certain rank 2 affine bundle over a projective surface $\documentclass[12pt]{minimal}
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By definition, an element of *M* is an equivalence class $\documentclass[12pt]{minimal}
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### Remark 3.2 {#FPar4}
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### Remark 3.3 {#FPar5}
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From Projective to Bi-Lagrangian Structures {#Sec12}
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A Local Coordinate Descripition {#Sec13}
-------------------------------
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### Remark 3.6 {#FPar9}

Besides taking the quotient of the Cartan bundle by $\documentclass[12pt]{minimal}
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Lift of Projective Vector Fields {#Sec14}
--------------------------------
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### Corollary 3.7 {#FPar10}
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### Proof {#FPar11}
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### Proposition 3.8 {#FPar12}

Let *K* be an affine vector field for a connection $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U\subset N$$\end{document}$. Then its complete lift ([3.12](#Equ26){ref-type=""}) is a Killing vector field for the Patterson--Walker metric ([2.10](#Equ11){ref-type=""}).

### Proof {#FPar13}
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Recall that a vector field *K* is projective for $\documentclass[12pt]{minimal}
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### Proposition 3.9 {#FPar14}
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### Proof {#FPar15}

The proof is similar to that of Proposition ([3.8](#FPar12){ref-type="sec"}). The one-parameter group of transformation generated by ([3.15](#Equ29){ref-type=""}) is$$\documentclass[12pt]{minimal}
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Finally we give the main result of this Section, and establish a one-to-one correspondence between projective vector fields on $\documentclass[12pt]{minimal}
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### Theorem 3.10 {#FPar16}
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### Proof {#FPar17}

The integrability conditions for ([3.14](#Equ28){ref-type=""}) are \[[@CR41]\] (note however that our sign conventions for the Schouten tensor differ from that in \[[@CR41]\], so the sign of the RHS of ([3.17](#Equ31){ref-type=""}) is opposite to what is given in \[[@CR41]\])$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal L}_K\mathrm {P}_{ij}=-\nabla _i\rho _j. \end{aligned}$$\end{document}$$We shall also write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal K}=\tilde{K}+ K_\rho $$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{K}$$\end{document}$ is the complete lift ([3.12](#Equ26){ref-type=""}) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_\rho :=\rho _i\partial /\partial \xi _i$$\end{document}$. Using ([3.9](#Equ23){ref-type=""}) we compute$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal L}_{\mathcal K} g_{\nabla }= & {} {\mathcal L}_{\widetilde{K}} h_{\nabla }+ {\mathcal L}_{\widetilde{K}} \lambda \odot \lambda + {\mathcal L}_{K} \mathrm {Ric}^+(\nabla )+ {\mathcal L}_{K_\rho } h_{\nabla }+ {\mathcal L}_{K_\rho } (\lambda \odot \lambda )\\= & {} -\xi _k\left( {\mathcal L}_{{K}}\nabla \right) ^k_{ij} \mathrm{d}x^i\odot \mathrm{d}x^j +0-(\nabla _i\rho _j) \mathrm{d}x^i\odot \mathrm{d}x^j + \mathrm{d}x^i\odot \mathrm{d}\rho _i\\&- \Gamma _{ij}^k\rho _k \mathrm{d}x^i \odot \mathrm{d}x^j + (\rho _i\mathrm{d}x^i)\odot (\xi _j \mathrm{d}x^j)=0, \end{aligned}$$\end{document}$$where we have used ([3.13](#Equ27){ref-type=""}), ([3.14](#Equ28){ref-type=""}) and ([3.17](#Equ31){ref-type=""}).

Now verify the symplectic condition$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal L}_{\mathcal K} \Omega _{\nabla }= & {} {\mathcal L}_{\widetilde{K}} (\mathrm{d}\xi _i\wedge \mathrm{d}x^i) +{\mathcal L}_{K_\rho } (\mathrm{d}\xi _i\wedge \mathrm{d}x^i) +{\mathcal L}_{K} (\mathrm {P}_{ij}\mathrm{d}x^i\wedge \mathrm{d}x^j)\\= & {} (\mathrm{d}\rho _i\wedge \mathrm{d}x^i- \mathrm{d}\rho _i\wedge \mathrm{d}x^i)=0 \end{aligned}$$\end{document}$$as the complete lift $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{K}$$\end{document}$ is Hamiltonian with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{d}\xi _i\wedge \mathrm{d}x^i$$\end{document}$, and we have used the skew part of the integrability conditions ([3.17](#Equ31){ref-type=""}).
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Local Characterization of the Metric {#Sec15}
====================================

In the previous section we have shown that the metric *g* constructed on the canonical affine bundle of a projective surface $\documentclass[12pt]{minimal}
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Theorem 4.1 {#FPar18}
-----------

Let (*M*, *g*) be an ASD Einstein manifold with scalar curvature 24 admitting a parallel ASD totally null distribution. Then (*M*, *g*) is conformally flat, or it is locally isometric to $\documentclass[12pt]{minimal}
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Proof {#FPar19}
-----
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Remark 4.2 {#FPar20}
----------
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Remark 4.3 {#FPar21}
----------

Note that if we correspondingly define a *charged symplectic form*[3](#Fn3){ref-type="fn"} $$\documentclass[12pt]{minimal}
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Remark 4.4 {#FPar22}
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Straightforward calculations show that Theorem [3.10](#FPar16){ref-type="sec"} carries over to the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(g_{\nabla ,\Lambda },\Omega _{\nabla ,\Lambda })$$\end{document}$ with respect to the lift$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal K}:=K-\xi _j\frac{\partial K^j}{\partial x^i}\frac{\partial }{\partial \xi _i}+\frac{1}{\Lambda } \rho _i\frac{\partial }{\partial \xi _i}. \end{aligned}$$\end{document}$$

Remark 4.5 {#FPar23}
----------
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Gauge Theory of Tractor Connection {#Sec16}
==================================

In this Section we shall present a gauge-theoretic construction of the metric ([1.1](#Equ1){ref-type=""}). We shall introduce a projectively invariant equation on a connection, and a pair of Higgs fields on an auxiliary vector bundle $\documentclass[12pt]{minimal}
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The Calderbank Equations {#Sec17}
------------------------

An equivalent way to formulate ([5.1](#Equ35){ref-type=""}) is to say that the Higgs pair is constant along the charged geodesic spray on $\documentclass[12pt]{minimal}
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In Sect. [5.2](#Sec23){ref-type="sec"} we shall show how the Calderbank equations with the gauge group $\documentclass[12pt]{minimal}
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### Null Reductions of Anti-self-dual Yang--Mills Equations {#Sec18}

If the projective structure is flat, then ([5.1](#Equ35){ref-type=""}) is the symmetry reduction of the anti-self-dual Yang--Mills (ASDYM) equation on $\documentclass[12pt]{minimal}
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### Prolongation of the Calderbank Equations {#Sec19}
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### Killing Equations {#Sec20}

If the connection *A* is flat, and $\documentclass[12pt]{minimal}
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### Anti-self-dual Conformal Structures with Null Conformal Killing Vectors {#Sec21}
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### The Patterson--Walker Riemannian Extension {#Sec22}

The conformal structure resulting from the distribution ([5.4](#Equ38){ref-type=""}) is a generalisation of the Patterson--Walker lift \[[@CR3], [@CR44]\]. To recover the Patterson--Walker metric$$\documentclass[12pt]{minimal}
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Tractor Connection and ASD Einstein Metrics {#Sec23}
-------------------------------------------

In this Section we shall consider the Calderbank equations, where the gauge group is $\documentclass[12pt]{minimal}
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### Theorem 5.1 {#FPar24}

Formula ([5.9](#Equ42){ref-type=""}) defines a metric which does not depend on a choice of a connection in a projective class.

### Proof {#FPar25}

If we change the connection in the projective class using ([2.2](#Equ3){ref-type=""}), then the Schouten tensor changes by ([2.3](#Equ4){ref-type=""}). To establish the invariance of ([5.9](#Equ42){ref-type=""}), we translate the fibre coordinates according to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{\xi }_i=\xi _i+\Upsilon _i \end{aligned}$$\end{document}$$in agreement with ([5.8](#Equ41){ref-type=""}). Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\big (\mathrm{d}\hat{\xi }_i-\big ({\hat{\Gamma }_{ij}}^k \hat{\xi }_k-\hat{\xi }_i\hat{\xi }_j-\hat{\mathrm {P}}_{ji}\big )\mathrm{d}x^j\big )\odot \mathrm{d}x^i = \mathrm{d}\xi _i\odot \mathrm{d}x^i \\&\qquad +\Big (\xi _{(j} \Upsilon _{i)} - \Gamma _{ij}^k\xi _k -\xi _i\Upsilon _j-\xi _j\Upsilon _i- \Gamma _{ij}^k\Upsilon _k-2\Upsilon _i\Upsilon _j +\xi _i\xi _j+\xi _i\Upsilon _j \\&\qquad +\xi _j\Upsilon _i+\Upsilon _i\Upsilon _j+\mathrm {P}_{ji}-\nabla _{(j}\Upsilon _{i)}+\Upsilon _i\Upsilon _j\Big )\mathrm{d}x^i\odot \mathrm{d}x^j\\&\quad = \left( \mathrm{d} \xi _i-\left( \Gamma _{ij}^k \xi _k -\xi _i\xi _j-{\mathrm {P}}_{ji}\right) \mathrm{d}x^j\right) \odot \mathrm{d}x^j. \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

The metric is anti-self-dual, and Einstein with scalar curvature equal to 24. The anti-self-duality is a consequence of the fact that the connection *A* and the Higgs field $\documentclass[12pt]{minimal}
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Examples {#Sec24}
========
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----------------------------------------------------------------------------------------------------

Consider the flat projective structure on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(N=\mathbb {RP}^2, [\nabla ])$$\end{document}$, and choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\Gamma _{ij}}^k=0$$\end{document}$. The resulting four manifold is the complement of an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {RP}^1$$\end{document}$ subbundle in the projective cotractor bundle of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {RP}^2$$\end{document}$ which can be identified with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=\mathrm {SL}(3,\mathbb {R})/\mathrm {GL}(2,\mathbb {R})$$\end{document}$. We shall establish this result in arbitrary dimension. Consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N=\mathbb {RP}^n$$\end{document}$, with its flat projective structure, and an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {SL}(n+1)$$\end{document}$ action on the projective cotractor bundle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {P}(E)$$\end{document}$ minus the diagonal$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm {SL}(n+1):\mathbb {R}^{n+1}\times \mathbb {R}_{n+1}\setminus \Delta \longrightarrow \mathbb {R}^{n+1}\times \mathbb {R}_{n+1}\setminus \Delta , \end{aligned}$$\end{document}$$where the 'diagonal' $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta $$\end{document}$ consists of all incident pairs of vectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[v]\in \mathbb {R}^{n+1}$$\end{document}$ and forms $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[f]\in \mathbb {R}_{n+1}$$\end{document}$ s.t. the corresponding point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in \mathbb {RP}^n$$\end{document}$ belongs to the hyperplane $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in \mathbb {RP}_n$$\end{document}$. This action is simply $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v, f)\rightarrow (Av, fA^{-1})$$\end{document}$. It is transitive, and clearly a subgroup stabilising a pair (point, hyperplane) is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {GL}(n)$$\end{document}$ which sits in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {SL}(n+1)$$\end{document}$ as a lower diagonal block.
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The Einstein metric ([5.9](#Equ42){ref-type=""}) on this manifold admits a Kerr--Schild form$$\documentclass[12pt]{minimal}
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Ricci-Flat Limits {#Sec26}
-----------------

Motivated by the previous example let us now consider the general case of projective structures which admit a connection with skew-symmetric Schouten tensor. In this case one can always choose local coordinates on *N* and a connection $\documentclass[12pt]{minimal}
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Cohomogeneity: One Examples {#Sec27}
---------------------------
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Appendix A: The Construction for Higher Dimensions {#Sec28}
==================================================

Of course, the definition of a projective structure makes sense in higher dimensions as well and hence it is natural to ask if the construction described in the main body of this article carries over to higher dimensions. Here we briefly show that this is indeed the case.
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The projective linear group acts from the left on $\documentclass[12pt]{minimal}
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Cartan's construction carries over to higher dimensions so that we canonically obtain a Cartan geometry $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\pi : P_{[\nabla ]}\rightarrow N,\theta )$$\end{document}$ of type $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathrm {PGL}(n+1,\mathbb {R}),G)$$\end{document}$ for every projective structure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\nabla ]$$\end{document}$ on a smooth *n*-manifold *N*. Again, we write$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \theta =\left( \begin{array}{cc} -{\text {tr}}\phi &{} \eta \\ \omega &{} \phi \end{array}\right) \end{aligned}$$\end{document}$$for an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}_n$$\end{document}$-valued 1-form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta $$\end{document}$, an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^n$$\end{document}$-valued 1-form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ and a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {gl}(n,\mathbb {R})$$\end{document}$-valued 1-form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$. The curvature 2-form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta $$\end{document}$ satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Theta =\mathrm{d} \theta +\theta \wedge \theta =\left( \begin{array}{cc} 0 &{} L(\omega \wedge \omega ) \\ 0 &{} W(\omega \wedge \omega )\end{array}\right) , \end{aligned}$$\end{document}$$for smooth curvature functions$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} L : P_{[\nabla ]}\rightarrow \mathrm {Hom}\left( \mathbb {R}^n\wedge \mathbb {R}^n,\mathbb {R}_n\right) \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} W : P_{[\nabla ]}\rightarrow \mathrm {Hom}\left( \mathbb {R}^n\wedge \mathbb {R}^n,\mathbb {R}_n\otimes \mathbb {R}^n\right) . \end{aligned}$$\end{document}$$Note that the function *W* represents the *Weyl projective curvature tensor* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(N,[\nabla ])$$\end{document}$ and that we have the Bianchi-identity$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm{d} \Theta =\Theta \wedge \theta -\theta \wedge \Theta , \end{aligned}$$\end{document}$$the algebraic part of which reads$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 0=L(\omega \wedge \omega )\wedge \omega \quad \text {and}\quad 0=W(\omega \wedge \omega )\wedge \omega . \end{aligned}$$\end{document}$$We have a Lie group embedding defined by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \chi : \mathrm {GL}(n,\mathbb {R}) \rightarrow G, \quad a \mapsto \begin{pmatrix} \det a^{-1} &{} 0 \\ 0 &{} a\end{pmatrix}, \end{aligned}$$\end{document}$$for *n* even and defined by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \chi : \mathrm {GL}(n,\mathbb {R}) \rightarrow G, \quad a \mapsto \left[ \begin{array}{cc} |\det a^{-1}| &{} 0 \\ 0 &{} a\end{array}\right] , \end{aligned}$$\end{document}$$for *n* odd.

Recall that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$ satisfies the equivariance property$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} R_g^*\theta =\mathrm {Ad}(g^{-1})\circ \theta , \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g \in G$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Ad}$$\end{document}$ denotes the adjoint representation of *G*. Identifying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {GL}(n,\mathbb {R})$$\end{document}$ with its image under $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi $$\end{document}$, the equivariance property of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$ implies that the tensor field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta \omega :=\eta _i\otimes \omega ^i$$\end{document}$ is invariant under the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {GL}(n,\mathbb {R})$$\end{document}$ right action. Furthermore, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta $$\end{document}$ are both semi-basic for the quotient projection $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{[\nabla ]}\rightarrow P_{[\nabla ]}/\mathrm {GL}(n,\mathbb {R})$$\end{document}$, it follows that the smooth 2*n*-manifold $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=P_{[\nabla ]}/\mathrm {GL}(n,\mathbb {R})$$\end{document}$ carries a unique signature (*n*, *n*) metric *g* and a unique non-degenerate 2-form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ having the property that *g* pulls back to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{[\nabla ]}$$\end{document}$ to be the symmetric part of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta \omega $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ pulls back to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{[\nabla ]}$$\end{document}$ to be the anti-symmetric part of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta \omega $$\end{document}$. Moreover, we compute$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} 0=&\;\mathrm d\left( \eta \wedge \omega \right) =\mathrm d\eta \wedge \omega -\eta \wedge \mathrm d\omega =\left[ -\eta \wedge (\phi +\mathrm {Id}{\text {tr}}\phi )+L(\omega \wedge \omega )\right] \wedge \omega \\&-\eta \wedge \left[ -(\phi +\mathrm {Id}{\text {tr}}\phi )\wedge \omega \right] \\ =&\;L(\omega \wedge \omega )\wedge \omega , \end{aligned} \end{aligned}$$\end{document}$$where we used ([A.1](#Equ48){ref-type=""}). It follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ is symplectic.

We leave it to the interested reader to check that the pair $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$ take the form ([3.10](#Equ24){ref-type=""}). In particular, the metric *g* is still Einstein with non-zero scalar curvature, as can be verified by direct computation.

This definition is common in projective differential geometry, but differs from the more standard definition, where the Ricci curvature is defined as $\documentclass[12pt]{minimal}
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self-dual with respect to the orientation convention of \[[@CR9]\].

This terminology is motivated by the Hamiltonian description of a charged particle moving on a manifold, where the canonical symplectic structure on the cotangent bundle needs to be modified by a pull-back of a closed two-form (magnetic field) from the base manifold. In our case the two-form is the skew-symmetric part of the Schouten tensor, and the inverse of the Ricci scalar plays a role of electric charge. This magnetic term can always be set to zero by an appropriate choice of a connection in a projective class---here we find it convenient not to make any choices at this stage.

Private communication, March 2016.

In \[[@CR18]\] (see also \[[@CR6], [@CR23], [@CR24]\] for other applications of this lift) it was proven that a 'similar' metric constructed out of the Thomas symbols $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _{ij}^k$$\end{document}$. The Patterson--Walker lift ([2.10](#Equ11){ref-type=""}) is conformally equivalent (up to a diffeomorphism) to the projective Patterson--Walker lift (5.6) only if $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _{ij}^j=\nabla _i F$$\end{document}$ for some function *F* on *N*.

An alternative characterisation of the corresponding projective structures is that they arise from second-order ODEs point equivalent to derivatives of first-order ODEs \[[@CR20]\]. These projective structures were further characterised in \[[@CR38]\] and \[[@CR28]\].
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